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Abstract. Gross and Zagier proved a formula for the absolute norm N{j{ai) — 
j{a2)) of a difference of singular values of the modular function j. We formulate and 
prove the analogues of their result for a number of functions of level 2 and 3. 



1. Introduction 

In a famous paper [5], Gross and Zagier established an explicit formula for the 
expression 



J{di,d2) = [ n (^■(n)-j(r2)) 



1-^1 J, 1-^2] 
disc -r,' — d,' 



Here j is the elliptic modular function on the complex upper half plane H = 
{z & C : Im{z) > 0}, di and d2 are negative coprime fundamental quadratic 
discriminants, Wi and W2 are the number of roots of unity in the corresponding 
imaginary quadratic orders, and [r^] denotes the equivalence class of G H under 
the natural action of SL2(Z). By disc = di we mean that is imaginary quadratic, 
and that its irreducible polynomial over Z has discriminant di. We know by the 
theory of complex multiplication that J{di,d2) is the ^^^^ -power of the norm of 
the algebraic integer i(ri) — j(r2). In particular if di and d2 are both less than —4 
then J{di,d2) is an integer. 

In order to give the Gross-Zagier formula, we define for primes p satisfying 
^ -1 

(f) ifgcd(p,c/i) = l; 
(f) ifgcd(p,rf2) = 1. 



e{p) 



We extend e multiplicatively to products m = Hii^r such prime numbers, and 
put 

F{m) = Yl 

nn'=m 
n,n'>0 

for such a product. Furthermore we set F{m) = 1 for all m G Q that are not of the 
above form. 

Theorem 1. Using the above notation and setting D = did2 the following formula 
holds: 

j{dud2r = ± u^i^' 

xez 

x'^<D 
1 
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The above product can be restricted to those x G Z that satisfy = D mod 4. For 
these integers one proves the equality e{ ^~^ ) = —1 using quadratic reciprocity. 
Furthermore one can prove that for any positive integer m with e{m) = — 1 the 
value F{m) is a prime power [1, page 306-307]. More precisely we have 



F{m) 



I' p(a+l)n •=i(b.+l) if ^ ^ p2a+l . n^^^p2a, . j^.^^ ^h,^ ^^^^^ ^^^^ 

and qj are distinct primes satisfying e{j)) = 
^{Pi) = -1 and e{qj) = 1; 

1 otherwise. 



Using this formula the following corollary is immediate. 

Corollary 2. If p is a prime dividing J{di,d2)'^ then (^) ^ 1, (^) 1 and p 
divides a positive integer of the form . In particular, p < ^. 

For algebraic numbers /?i , /?2 we set 

N(A,/32) = |Nq(^,,^,)/q(/3i-/32)|. 

8 

Hence the above theorem gives an expression for N(j(ai), j(a2)) "^"'^ , where ctj e H 
are arbitrarily under the condition disca^ = di. We will prove similar expressions 
for N(/(ai), /(q;2)) for a number of modular functions / of level 2 and 3. Here 
cii G H of discriminant di is chosen such that /(cti) is a class invariant, i.e. such 
that j{ai) and /(cci) generate the same field over Q{Vdi). 
Recall the definition of the j-function 

where (72 (-z), g^iz) and A (2) are the modular forms on SL2(Z) of weight 4, 6 and 12 
respectively defined by 

g2{z) = mY, 7 ^3^ = 140 5^ ^ 

■^^^ imz + nr ^-^ ^ (m^; + n)° 

m,n£Z m,n£Z 
(Tn,n)/(0,0) (m,n)7t(0,0) 

and A(2;) = ^ril-^) - ^^'^oiiA = (27r)^^?7(2;)^^. Here is the Dedekind eta function 

00 

viz) = q^- Hil - qn 
n=l 

with q = q{z) — e^^*^. 

The first two functions that we will study are the Weber functions 

. X ^3 93{z) , s ^„ g2{z) 



(27r)^r/(^)i2' ' ' (27r)S(-z)^' 
which are modular functions of level 2 and 3 respectively. The relations 
(1) 73(^f =J(^)-12^ I2{z)'=j{z) 
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imply that for / G {73,72} any prime divisor of N(/(q!i), /(q!2)) also divides 
N(i(Q;i), j(a2))- In fact for / = 73 the converse also holds. Before we prove this we 
fix the following notation which we use throughout this paper: 



The discriminants di and d2 of the imaginary quadratic fields Ki and K2 
are relatively prime and wi, W2 and /ii, /12 denote the number of roots 
of unity and the class numbers of their ring of integers. Furthermore we 
set D = did2 and h'^ = for i = 1,2. 

Theorems. For a\,a2 G H of discriminant d\ and d2 respectively, the following 
formula holds: 

N(73(tti), 73(02)) = N{j{ai)J{a2)y 
with e = 2 if neither di nor d2 is equal to —4 and e = 1 otherwise. 



Proof. First assume that neither di nor d2 is equal to —4. We claim that in this 
case 73(0:^) generates a quadratic extension of Q{j{ai)). Namely, if di is odd then 
73(011) is conjugate over Q to one of the numbers ±73 (^^-t^^). As is 
real and less then 12^ the claim follows from the first equality in (1). If di is even 
and different from —4, then Ki{'ys{oii)) is the ray class field of conductor 2 of Ki 
which is quadratic over Ki{j{ai)) [3, theorem 10]. We conclude that if disca^ ^ —4 
then 73(ai) is of degree 2hi over Q and hence has {73(Ti), -73 (Ti)}[T,], disc ri=di as 
a complete set of conjugates over Q. 

As 7^^(73(0^)) is the Hilbert class field or the ray class field of conductor 2 of i^i, 
depending on whether di is odd or even, its subfield Q(73(ai)) is unramified at the 
primes not dividing di. By assumption di and d2 are relatively prime. The fields 
Q(73(tti)) and Q(73(a2)) are therefore linearly disjoint over Q. Systematically 
using 

(x^ - y'^f = {x-y){x + y){-x + y){-x - y) 

we find N(73(q;i), 73(02)) = N(j(ai), j(a2)) • 

If Oj is of discriminant —4 then 73 (o^) = and the formula for the absolute 
norm of 73(01) — 73(02) follows easily. □ 

Our result for the function / = 72 is less complete. As mentioned above we normalise 
Oj such that 72 (oi) is a class invariant. Although this normalisation works for all 
discriminants di that are coprime to 3, we only obtained a formula in the case 
di = d2 = 2 mod 3. 



Theorem 4. Assume that di and d2 are both congruent to 2 modulo 3. For i = 1,2 
define o^ e H by 

f -^+/^ ifdi = 1 mod 4; 
Oj = < 

[ ^ ifdi = mod 4. 
Then the following formula holds: 



N(72(ai),72(«2))^ = 3'''^''^ ■ n ^(^36^) 



xez 

x'^<D 
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As a corollary we find that the primes p ^ 2> dividing N(72(q!i), 72(0:2)) satisfy 
p < If both di and 6,2 are not equal to —4, the exponent ^^^^ is equal to 2. 
In this case one obtains a formula for N(72(q;i), 72(02)) by restricting the above 
product to positive x and by replacing the exponent Qh'ih'2 by 3/ii/i2- 
Next we consider the 24-th powers of the classical Weber f-functions: 

uj{z) 

LOi{z) 

where for 2; G H and a G Q we set — ^ These functions are modular of 

level 2 and satisfy the polynomial equation [1, theorem 12.17] 

(2) {X -u){X- ui){X - U2) = (X + 16)3 - jX. 



A(^) 1 °° 1 

=lM=«"'n(i-5"-^)". 

^ ' n=l 



Theorem 5. Assume that di and d2 are both congruent to 1 modulo 8. For z = 1, 2 
deGne Oj G H by Oj = ~^+v^ . Then the following formulas hold: 



N(a;(ai),a;(a2)) = N(a;i(oi),a;i(a2)) = 2^^'^^'^^ ■ J] ^{^-^) 



xez ^ 



N(a;2(oi), 0^2(02)) = n ^ 



16 



The above formula for u!2 was conjectured by Yui and Zagier in [16, formula 5?]. 

In the table below we have listed the prime factorization of N(/(q!i) — /(q!2)) for 
each of the functions / G {j, 72, ^, 1^2} and for two choices of the pair (cti, 02)- Here 
Oi G H is of discriminant di and normalised depending on / as in the theorems 
above. The class numbers of the quadratic fields in the first column are equal to 
hi = 1 and /i2 = 4, in the second column they equal hi = 3 and /i2 = 7. 

{dud2) = (-31,-151) 
314013212311536612735794534392;^ 79244925572 

3^^13^23^612 

2252319013282312538512738794836892179244925572 

3^°13^23-532733832 



{di,d2)^{-7, -55) 
j 32656193472 
72 31452 
oj 2^833458194472 
aj2 385219 



Gross and Zagier gave two proofs of theorem 1, one algebraic and one analytic. 
Their algebraic proof uses the reduction theory of elliptic curves and was restricted 
to the case of prime discriminants. Later Dorman extended it to the general case 
[2] . Our proof of theorems 4 and 5 is an adaptation of the analytic proof of Gross 
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and Zagier. It consists of three steps, sections 2, 3 and 4, which are more or less 
independent. In the outhne below we concentrate on the function 72. 

In section 2 we use Shimura's reciprocity law to compute the conjugates of 72(0;) 
where a G H is of discriminant d = 2 mod 3 and normalised as in theorem 4. 
These conjugates can be written in the form 72 (t) with r in some finite set Sd of 
elements r G H with discr = d and TrQ|-^yQ(r) = mod 3. Next in section 3 

we characterise h{zi, Z2) = log [72 (-^i) — 72(^2)! as the unique symmetric and har- 
monic function on H x H with certain invariance and growth conditions. Using 
Legendre functions and Eisenstein series we then build a function satisfying the 
same properties. By summing this function over {zi,Z2) G Sa^ x Sa^ we arrive at a 
complicated looking expression for logN(72(Q;i), 72(q;2)) (theorem 13 below). These 
kinds of expressions were recognised by Gross and Zagier as being related to the 
Fourier coeflBcients of certain holomorphic modular forms of weight 2 on congru- 
ence subgroups of SL2(Z). To make this precise we study in section 4 a family of 
non-holomorphic Hilbert modular forms and, via restriction to the diagonal and 
holomorphic projection, the corresponding family of holomorphic modular forms. 
Finally in section 5 we conclude that logN(72(Q;i), 72(02)) is up to a simple expres- 
sion equal to the first Fourier coefficient of one of these holomorphic modular forms. 
As the corresponding congruence subgroup has genus zero, this Fourier coefficient 
vanishes and the proof of theorem 4 is complete. 

2. Computing conjugates 

An element M G PSL2(Z) represented by the matrix d) ^ SL2(Z) acts on the 
upper half plane H by the linear fractional transformation 

In the sequel we will identify the transformation M with the matrix ^" and 

write M = instead of M = mod {±id}. The left PSL2(Z)-action on 

H induces a right action on functions / on H by {foM){z) = f{Mz). Fix a positive 
integer N. The (projective) principal congruence modular group r(A^) is defined as 
the kernel of the map PSL2(Z) — > SL2(Z/A'"Z)/{±id} induced by the natural map 
Z — >■ Zi/NZ. A modular function of level is a meromorphic function / on H that 
is invariant under r(A), i.e. / oM = / for all M G r(A), and that is 'meromorphic 
at the cusps'. Recall that the cusps are the points x G P^(Q) which are on the 
boundary of H. To clarify the condition 'meromorphic at the cusps' we need the 
A"-th root q^' = of the function q = q{z) = e^'^*^. A r(A")-invariant function 

/ satisfies f{z + N) = f{z) because ^ j G T{N). Hence there is a meromorphic 

function /* on the punctured disk {q^ : < \q^ \ < 1} such that f{z) = f*{q^). 
If /* is meromorphic at q^- = we say that / is meromorphic at the cusp 00. The 
Qf-expansion of / is by definition the Laurent expansion of /* at qT^ — 0. Finally 
we say that / is meromorphic at the cusps if / o M is meromorphic at 00 for all 
M G PSL2(Z). Note that the behaviour of / near the cusp x G P^(Q) is reflected 
by the behaviour of / o M near 00 if Mx = 00. 

An equivalent way of introducing modular functions of level N is the following. 
Let H = H U P^(Q) be the extended upper half plane and extend the PSL2(Z)- 
action on H in the obvious way to H. The orbit space r(A")\H can be given a 
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complex structure [12, §1.8]. The addition of the set of cusps P^(Q) to H causes 
the resulting Riemann surface to be compact. The meromorphic functions on this 
Riemann surface correspond to the modular functions of level N. 

Let -F/v be the field of modular functions of level N for which the qf-expansion 
is rational over Q{Cn), with (^n = a A^-th root of unity. Fix an imaginary 

quadratic field K <Z C with ring of integers O. The evaluation of / G Fn at 
9 eHf] K is called a singular modulus. By the theory of complex multiplication a 
singular modulus generates an abelian extension of the quadratic number field K. 
More precisely the field generated over K by f{6) with fixed 9 as above and / 
ranging over those functions in Fj^ that are defined at 9, is equal to the ray class 
field of conductor N [11, page 128]. 

For example in the case AT = 1 we have Fi = Q(j). If ^ e H generates the 
ring of integers O the field K{j{9)) is equal to the Hilbert class field H of the 
maximal abelian unramified extension of K. By class field theory the Artin map 
supplies an isomorphism between the ideal class group C oi K and the Galois group 
Gdl{H/K). To describe the action of this group on j{9) we represent elements of 
C by PSL2(Z)-equivalence classes of primitive positive definite quadratic forms of 
discriminant equal to the discriminant of K. For d = 0, 1 mod 4 a negative integer 
let 

Qd = {[«, c] : a,b,c E Z,a > 0, 6^ — 4ac = d} 

be the set of positive definite quadratic forms of discriminant d. If d is the discrim- 
inant of K and [a,—b,c] e Qd we have 

(3) m^""'-''"^ = ji^)- 

Because the function j is PSL2(Z)-invariant, the above value only depends on the 
PSL2(Z)-equivalence class of the quadratic form [a, —b, c]. Formula (3) is a reformu- 
lation of the well known formula {b,K/Q)j{0) = j{h~^), where (b,-fC/Q) denotes 
the Artin automorphism of the i^T-ideal b. 

More generally for / G Fn and 9 a generator of O the singular modulus f{9) lies 
in the ray class field of conductor N oi K, a field containing the Hilbert class field 
H of K. In the examples treated in this paper f{9) does in fact generate H over 
K. In this case f{9) is called a class invariant and we will restrict ourselves to this 
case in the discussion below. 

To obtain the generalization of (3) to class invariants we use Shimura's reci- 
procity law. First we need to describe the Galois theory of the modular func- 
tion fields Fn [11, chapter 6]. The field Fn is Galois over Fi with group isomor- 
phic to GL2(Z/ArZ)/{±l}. For M G GL2(Z/ArZ)/{±l} we write M = (J J) M 
with 5 = detM G {Z/NZ)* and M G SL2(Z/A^Z)/{±1}. Lift M to an element 
M G PSL2(Z) and let as be the automorphism of Q(C7v) induced by (n ^ Cn- For 
/ G Fn with g-expansion akq^ G Q{Cn){{q^)) the Galois action of M is given 

by 

where / G Fn has q'-expansion as{(ik)Q^ ■ 
Fix the following generator of O: 
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To describe the Galois action on a class invariant f{9) for some / G we restrict 
to the case N = p is prime. Shimura's reciprocity law [3, theorem 20] states that 
for f e Fp such that f{6) G K{j{6)) and [a, — 6, c] G C there exists an element 
M = M{a,b,c) G GL2(Z/pZ)/{±id} such that 

(4) /(^)[«--M = /^(^^). 

In case a is prime to p the element M is represented by the following matrix 

b 

2 

1 



(5) M 



if 2 I d; 



a ^ 

1 ' ' 



As each quadratic form is PSL2(Z)-equivalent to a form [a, — 6, c] with p | a [1, 
lemma 2.3 and 2.25], the above restriction on a is not a serious one. 



Before we apply Shimura's reciprocity law to the function 72 we first determine its 
stabilizer inside PSL2(Z), which is classically denoted by T^. Recall that S = (^^ 
and T = J) generate the group PSL2(Z). Their action on the Dedekind eta 
function is given by 

(6) r]{^) = y/^ri{z), ri{z + l) = C24ri{z) 

where the square root is positive on the positive real axis [11, page 253]. Using the 
definition of 72 in the introduction we find 

7205 = 72, 12 0T=C^'^^2- 

Hence is the kernel of the character PSL2(Z) ((^3) sending the transformation 
M to , and therefore normal of index 3 inside PSL2(Z). This characterization 
can be used to show the following equalities [14, page 15-19] 

= { (c d) ^ PSL2(Z) :ab + cd = mod s} . 

It follows from the second description that r(3) is contained in F^, hence 72 is a 
modular function of level 3. By applying the Hurwitz formula [12, theorem 4.2.11] 
we find that the Riemann surface F"^\H is of genus zero. 

For a negative integer d = 0, 1 mod 4 we define the PSL2(Z)-set 

(7) Vd = {r eU-.ar^ + bT + c=0 for some [a, 6, c] G Qd}. 

The map sending [a, b, c] to ~^2a^ G H is a bijection from Qd to Vd and we denote 
the quadratic form corresponding to r & Vd by [a,-, br, c^]. In case d is a negative 
fundamental discriminant it follows from the discussion above that {j(t) : r G 
PSL2{7i)\Vd} is a transitive Gal(Q/Q)-set. We have the following analogous result 
for 72. 
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Proposition 6. Let d = 2 mod 3 be a negative fundamental discriminant and 
define a EH by 

=5±^ if d=lmod 4; 



a 



^ if d = Omod 4. 



a. The algebraic integer 72(0;) is of degree h over Q. 

b. The action of on H stabilizes the set 

Vj^ ={t eU:aT^ + bT + c = for some [a, b, c] e Qa with 3 | b}. 

The orbit set T^\Vj^ has cardinality h and {72 (r) : r G r^\Vj'} is a complete 
set of conjugates of 72(0;) over Q. 

In the proof of proposition 6 we need tlie following lemma. 

Lemma 7. Let Y C X be an inclusion of sets and H C G be an inclusion of groups. 
Assume G acts on X in such a way that Y becomes a H-set. Let I be a complete 
set of left coset representatives of H <Z G and assume 

(8) X = jj^ gY. (disjoint union ) 

gel 

Then the inclusion Y G X induces a bijection 

(9) H\Y G\X. 



Proof. Let 2/1, 2/2 G ^ be G-equivalent, say yi — ghy2 with (7 G / and h E H. Then 
ghy2 is an element of gYHY. As this intersection is non-empty if and only if g E H, 
we find that yi and j/2 are i?-equivalent and the map (9) is injective. The fact that 
(9) is surjective is immediate from (8). □ 

Proof of proposition 6. As 72 is the cube root of j that is real valued on the 
positive imaginary axis its qf-expansion lies in Q((g3))- With a as in the proposition 
we find that 72(0;) is real. Because 72(a) generates the Hilbert class field of K over K 
[1, theorem 12.2] we conclude that 72(a) is of degree h over Q. Hence the conjugates 
of 72(a) over Q coincide with those over K. 

Let [a, —6, c] be a quadratic form of discriminant d. Because d is congruent to 2 
modulo 3, the integer a is prime to 3 and we can use (4) and (5) to compute the 
conjugate 72 (a) ^"'"''''^l For odd discriminants we find: 

with M = T-^[l Y) = (J a) (0 ^''a-i^^) ^ GL2(Z/3Z). As the Fourier ex- 
pansion of 72 has rational coefficients, the matrix acts trivially on 72. To 
calculate the action of ^ q ^ j , we use the decomposition 



(s S) = 
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from [3, lemma 6] and obtain 

A similar calculation shows that this formula is also valid for even discriminants. 
Because a is prime to 3, we have 1 + 2a^ = mod 3, hence the conjugates of 72(0;) 
can be written in the form 72 (t) for some r G Vj^ . 

To conclude the proof, we use lemma 7 to show that the inclusion Vj"^ C Vd 
induces a bijection 

T'\V2' ^ PSU{Z)\Vd. 

For a quadratic form [a, 6, c] of discriminant — 4ac = 2 mod 3 with 3\b, the 
congruence a = c mod 3 holds. Using this congruence one checks that acts 
on Vj^. The set / = {T^ : /c = 0, 1, 2} is a complete set of left coset representatives 
of F^ in PSL2(Z). For t &Vd and r' = Tr we have br' = br — 2ar- As a,T- is prime 
to 3 we find that T changes the residue class of b^- modulo 3 and hence Vd is the 
disjoint union of Vj^ , TVj^ and T'^pJ^ . According to lemma 7, the map above is 
a bijection. □ 

Using the notation of theorem 4, we saw in the proof above that 72(cti) and 72(q!2) 
are class invariants. As in the proof of theorem 3 we conclude that Q(72(q!i)) and 
Q(72(ci!2)) are linearly disjoint over Q. Hence we find the following corollary of 
proposition 6 which we need in section 3: 

(10) logN(72(Q;i),72(Q;2)) = ^ log |72(ti) - 72(t2)|. 

i=i,2,Tier3\7'J2 

The transformations (6) of the Dedekind eta function imply that the functions u, uj\ 
and U32 are permuted under the action of PSL2(Z). More precisely we have 

(11) {(jj^uji^uj2) o S = {uj^uj2iOJi)i (a;,a;i,a;2) o T = (a;i,a;,a;2). 

We conclude that u),u)i and u)2 are invariant under and ST'^S. These transfor- 
mations generate the congruence subgroup F(2). Recall that the modular func- 
tion field F2 of level 2 is a Galois extension of Fi = Q{j) with Galois group 
GL2(Z/2Z)/{±id} = Sz, the permutation group on 3 symbols. As each of the 
functions u^uji and 0^2 generates a different cubic extension of Q(j) wc find that F2 
is generated over Q by these functions. The stabilizer of u>2 inside PSL2(Z) contains 
T and F(2) and is therefore equal to 

ro(2) = {{ld) ePSL2(Z) :c=Omod 2}, 

an index 3 subgroup of PSL2(Z). The set of cusp classes Fo(2)\P-^(Q) is represented 
by and 00. It follows from the g-expansions of 002 and UJ2 ° S — wi that U2 has 
a single simple zero at 00 G Fo(2)\H. Consequently the compact Riemann surface 
Fo(2)\H is of genus zero and has C{u)2) as its function field. 

Proposition 8. Let d = 1 mod 8 be a negative fundamental discriminant. 
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a. The algebraic integers uj{ ^~^^ ) and uJi{ ^~^^ ) are conjugate and of degree 2h 
over Q. The algebraic integer c<;2(— ^-f^) is of degree h over Q. 

b. The action of Fq (2) on H stabilizes the sets 

= p^i = {r e H : ar^ + 6t + c = for some [a, 6, c] e witi 2 | a} 

and 

= {r e H : ar^ + 6t + c = for some [a, 6, c] e with 2 f a}. 

Tiie orbit sets Fo(2)\P^ and Fo(2)\P^^ have cardinality 2h and h respectively. 
For f = uj or (j02, the set {u2{r) : r e ro(2)\P;^} is a complete set of conjugates 
off{^^^) over Q. 

Proof. First we study the action of Fo(2) on Vd- Let r G H satisfy the quadratic 
equation aX^ + bX + c = 0. For ("^ ^) e PSLafZ), the element f,) r satisfies 
the equation a'X^ + 6'X + c' = with 

(12) a' = atu^ — 6t(;2; + C2;^ 

(13) b' = b — 2{awy — byz + cxz) 

(14) c' = aj/^ — 6j/a; + ca;^. 

We conclude that the greatest common divisor of a and 2 is invariant under the 
action of Fo(2), hence ro(2) acts on and V^. If a is even, equation (13) shows 
that the congruence class of b modulo 4 is also invariant under the action of ro(2). 
Hence for k e {±1} the group ro(2) acts on the subset V^^. = {r e P^ : 2 | 
ttr and br = k mod 4} of V^. We will use lemma 7 to prove the following three 
bijections: 

(15) ro(2)\Pf ^ PSL2(Z)\Pd 

(16) ro(2)\P,-,, ^ PSL2(Z)\Pd for e {±1}. 

In particular ro(2)\P^^ has cardinality h and, because = 7^^_i U 'P^i, the set 
ro(2)\P^ has cardinality 2h. The set / = {(J J) , (J V) ' (i i)} a complete set 
of left coset representatives of Fo(2) in PSL2(Z). As (i = 6^ — 4ac is congruent to 1 
modulo 8, we find for t E Vd that 2\arCj- and 2 \ b^. In particular we have V^^ = 
{t E Vd '■ 2 \ a-r, 2 I Cr}- An easy calculation using (12) and (14) shows the equalities 
li ~o)^T ^{reVd:2\ ar,2\cr] and (} \)V^^' = {r e P^ : 2 | a,,2 | c,}. 
Hence Vd is the disjoint union of {MP^^ : M G /} and (15) follows from lemma 7. 
In a similar way, the bijections (16) follow from the descriptions 

p^^^ ={r EVd:2\ar a.nAbr = k mod 4}, 
(i "o^) ={t G : 2 I and br = -k mod 4}, 
n Q\ ^ ( (2tar and br = k mod 4) or 1 

(i i)^d,fc = |^ePd:^2|c, and&, = -/cmod4) /' 

As (i is congruent to 1 modulo 8 the Hilbert class field of K coincides with the ray 
class field of conductor 2 of K. Using (2) we find that each of the numbers f{ ~^~^^ ) 
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with / G {uj, 001,002} is an algebraic integer and generates the same field over K as 
j{ ^^~^^ ). In particular they are of degree h over K. 

It follows from the g-expansion of U2 that oo2{ ~^~^^ ) is real, hence of degree h 
over Q. Therefore its conjugates over K coincide with those over Q and we can 
use (4) and (5) to compute them. Let [a, —b, c] be a quadratic form of discriminant 
d=l mod 8 with a odd. We find 

/I {i>-l)/2\ 

2 ) ^-^2 { 2a i-^2i 2a )^ 

where the last equality follows from the fact that 002 is invariant under ro(2). As 

-^+/^ e and To{2)\V'^^ has cardinality h, we conclude that {oJ2{r) : r e 

ro(2)\7'^^} is a complete set of conjugates of i02{ ~^~^^ ) over Q. 

The conjugates of uj{ ~^~^^ ) and toi{ ~'^~^^ ) over K are computed similarly 
using the transformations (11). For [a,—b,c] e Qd with a odd we find 

/3 r , I ^2( 97^"^+/? ) if 6=1 mod 4 

^,^ -l + Vd ya-b,c\ _ J ^^2(c-6+a)^ 

^ t02{^^) if6 = 3mod4 



^2(^^) if 6=1 mod 4 

^^iw^) if6^3mod4. 



Hence {co2{r) : r G ro(2)\P^]^} is a complete set of conjugates ofa;( ^~^^ ) over K 
and {w2(t) : r G ro(2)\P^_j^} is a complete set of conjugates of u;i{ ~^~^^ ) over K. 
Recall that U2 maps ro(2)\H bijectively to P^(C). In order words for r, r' G H the 
equation uj2{t) = uj2{t') holds if and only if r = 7t' for some 7 G ro(2). Therefore 
uj{ ~^~^^ ) and uJi{ ~^~^^ ) are not conjugate over K. From the g-expansion we see 
that Lo{ ~^~^^ ) and loi{ ~^'^^ ) are complex conjugates and hence conjugate over 
Q. We conclude that {i02{T) : r G ro(2)\P^} is a complete set of 2h conjugates 
over Q of both co{^^^) and loi{^^^). □ 

Similar to (10) we find for / G {u!,u!i,u!2} the following corollary which we will use 
in the next section: 

logN(/(^l±^),/(^l±^)) = log|a;2(Ti)-a;2(r2)| 

i=i,2,Tiero(2)\p^. 

^^^^ V- 1 ,212 012 , r 12/ii/i2log2 if/ = a;2 

= 2^ log I 

i=i,2,Tieroi2)\rl 



'^2(^1) '^2(r2)l I otherwise. 



To obtain the last line we used that the absolute value of the norm 
and ^^( -i+v^ ) is equal to 2^^'** and 1 respectively [11, chapter 12 §2]. 

3. A LIMIT FORMULA FOR DIFFERENCES OF HAUPTMODUL VALUES 

To describe the results of this section, we concentrate for the moment on the func- 
tion 72; similar remarks hold for the other functions. The main result for 72 is 
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theorem 13 below. With 0:1,0:2 as in theorem 4, it describes the absolute norm 
N (72(01), 72(^2)) in terms of a limit value of a certain meromorphic function. This 
meromorphic function is given as an infinite sum over integers. The proof of this 
result is in two steps. The first step is a general function theoretic result, indepen- 
dent of the results in the previous section. For all ,21,-22 ^ H such that zi ^ T^Z2 
we express log |72(2;i) — 72 (-22)! as the constant term of the Laurent expansion at 
1 of a meromorphic function. Here the meromorphic function is defined as an infi- 
nite sum over matrices 7 e F^. The second step is more algebraic. We substitute 
Zi = ai [i = 1, 2) and sum over the conjugates of 72(01) and 72(02). The descrip- 
tion of these conjugates in section 2 enables us to transform the infinite sum over 
matrices into an 'easier' infinite sum over integers. 

The group of complex analytic automorphisms of H is isomorphic to PSL2(R). Its 
elements, which we represent by matrices, act on H by linear fractional transforma- 
tions. Although we are mainly interested in the subgroups F"^ and Fo(2) of PSL2(R), 
our setup will be more general. Let F C PSL2(R) be a discrete subgroup and let Cr 
be the set of cusps of F. Recall that the cusps of F are those 2; e RU {00} that are 
the unique fixed point of some 7 G F. The action of F on H extends to an action 
on H = H U Cr and we endow F\H with the usual Ricmann surface structure [12, 
§1.8]. The PSL2(R)-invariant measure on H gives rise to a measure on F\H. 
As an example we consider the group F = PSL2(Z). The cusps are the elements 
of Q U {00} and PSL2(Z) acts transitively on this set. Moreover PSL2(Z)\H has 
genus zero and //-measure ^ [12, §4.1]. 

We make the following three assumptions on the group F. First of all we assume 
that F\H is compact. By a theorem of Siegel [12, page 32] this is equivalent to 
the assumption that F\H has finite volume. This implies in particular that F is 
finitely generated [10, page 41] and that the set Cr has finitely many F-orbits [12, 
page 27] . Furthermore we want F to have at least one cusp. To fix notation we take 
CX3 e Cr- Finally we suppose that the Riemann surface F\H has genus zero. There 
are infinitely many conjugacy classes of groups satisfying these three conditions. 
In this paper we will focus on the groups PSL2(Z), F^ and Fo(2). In the previous 
paragraph we noted that PSL2(Z) does indeed satisfies the three conditions. The 
other two groups are of finite index in PSL2(Z) and therefore have finite co- volume 
and 00 as a cusp. The fact that F^\H and Fo(2)\H are of genus zero was already 
established in section 2. 

As F\H has genus zero by assumption, its function field is generated by one 
element. To single out a special kind of generator we first recall that the stabilizer 
Too = {7 e F : 700 = 00} of the cusp 00 is an infinite cylic group generated by 

1 j for some positive h. The scaling transformation ctoo = _i_ j fixes 00 and 

cr^-'^FooCoo is generated by the translation z 1— > z-\-l. Hence for any generator / of the 
above function field the meromorphic function /((Joo^) has a Laurent expansion in 
q = e^'^*^. Such a generator / is called a normalised principal modulus (or normalised 
hauptmodut) for F if this expansion has the form 

(18) /(fToo-2) = 9-' + 5]a„?", 

n>0 

with an e C. In particular a normalised principal modulus has its pole at 00 and 
is unique up to an additive constant. We will consider / both as a function on 
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the Riemann surface r\H and as a F-invariant function on H. For example 72 
is a normalised principal modulus for the group F^ and —2^'^/uj2 is a normalised 
principal modulus for Fo(2). 

Theorem 10 below states an equality between log \ f{zi) — f{z2)\ and the limit 
value of a certain meromorphic function. This equality will follow from the following 
characterization of the function log \f{zi) — f{z2)\- 

Proposition 9. Let F C PSL2(R) he as above and let f be a normalised principal 
modulus for F. The function 

h{zi,Z2)^log\f{zi)-f{z2)f 

is the unique symmetric function on H x VL — {{zi, Z2) '■ zi ^ TZ2} that for fixed 

Z2 satisfies 

1. h{'jzi, Z2) = h{zi,Z2) for all 7 G F; 

^- + 22) = 0, where xi = Re{zi) and yi = lm{zi): 

Z2) — e.z2 log 1^1 — ^2 P + 0(1) for zi Z2, where denotes the order of 
the stabilizer of Z2 in F; 

4. h{aooZi, Z2) = 47rlm(2;i) + o(l) for zi — > 00; 

5. h{zi, Z2) = 0{1) for 2:1 —> a with a & Cr not T-equivalent to 00. 

Proof. The first two properties are obvious. To prove property 3 we use the fol- 
lowing equality: 

j{Zl) - J{Z2) - [Zl - Z2) ■ —- -T^- 

with e = ez2- For fixed 22 G H the function f{zi) — f{z2) has a zero of order 
Zl = Z2. Therefore, the limit for zi — > Z2 of the second factor on the right converges 
to a non-zero value and the third property follows. Property 4 follows by using the 
Fourier expansion at infinity (18) of the function /. For property 5 we use that / 
is a bijection between F\H and the projective line over C. If ^2 G H is fixed, we 
find that f{zi) ^ f{z2) for zi close to a cusp a. By definition / has its pole at 00 
, hence for every cusp a not F-equivalent to 00 the value \ fizi) — fiz2)\ is nonzero 
and bounded from above for zi ^ a and property 5 follows. 

To prove uniqueness, we let k{zi,Z2) be the difference of two functions on H x 
H — {{zijZ2) : Zl ^ TZ2} that satisfy the above five properties. Fix Z2 & H and 
consider k{zi, Z2) as a function on H — ^ Tz2}. On this domain the function 
is F-invariant and harmonic by the first two properties. According to 3,4 and 5 
the function k{zi^Z2) is bounded if zi approaches an element of F2;2 or a cusp of 
F. Hence k{zi^Z2) extends to a harmonic function on the Riemann surface F\H. 
As F\H is compact by assumption we find that k{zi,Z2) is constant. Using the 
fourth property we conclude that the function k is identically zero, which proves 
the uniqueness oih. □ 

We will now 'build' a function from scratch which satisfies the five properties above. 
To motivate the definitions below, we follow the arguments in [7, II §2]. First we 
make a bi-F-invariant function G{zi, Z2) on H x H. Let g{zi, Z2) be a function on 
HxH satisfying 5^(72:1, 72:2) = g{zi,Z2) for all 7 e PSL(R). This is equivalent with g 
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being a function of the hyperbolic distance d{zi, Z2) between zi and Z2- In particular 
g is symmetric. Ignoring convergence, the function G{zi,Z2) = '^^^j- g{zi,jZ2) is 
then clearly bi-F-invariant. If we want G to satisfy properties 2 and 3 it seems 
natural to select a g that is harmonic in both variables and satisfies g{zi,Z2) = 
log 1^1 — + 0(1) for zi Z2. Unfortunately this leads to convergence problems 
in the definition of G. To resolve this difficulty we weaken the condition that g should 
be harmonic. For a complex variable 2; = a; + e H, let A = = y + ^) 
denote the hyperbolic Laplacian in a;, y. Recall that A is an invariant operator: 
A(/(7^)) = (A/)(7^) for all sufficiently smooth functions / on H and 7 G PSL(R). 
We choose g to be 'almost' harmonic, in the sense that g satisfies /S.g = eg for 
some small e > 0, and with a logarithmic singularity along the diagonal as above. 
Note that as g is symmetric, we can take either A = A^^ or A = A^j. Because 

g{zii -22) is a function of the hyperbolic distance d{z\,Z2)i we can write g{zi, Z2) = 

I 1^ 

2im{z^)im{z2) ) some fuuctiou Q, the argument of Q being cosh(ci(2;i, Z2)). 
The partial differential equation A^ = eg translates into the ordinary differential 
equation 

(il-t^)^-2ti + e)Q{t) = 

for the function Q. This is the Legendre differential equation of index s — 1, where 
e = s{s — 1) with s > 1. Up to a scalar it has a Tmique solution that is small 
at infinity, the Legendre function of the second kind Qg-i{t). This function, real 
analytic in t e R>i and holomorphic in s e Hi = {s e C : Re(s) > 1}, is given by 

(19) Qs-iit) = M-)imy^('^ ^' TTi)' 

where F{a, b; c; z) is Gauss's hypergeometric function and r(.s) is the gamma func- 
tion (in the sequel it will be clear from the context whether F denotes a group or 
the gamma function). The Legendre function of the second kind has the following 
asymptotic behaviour [10, lemma 1.7] 

(20) g,_i(t) = -ilog(t-l)+0(l) fortil, 

(21) Qs-i{t) = 0{t-') fort ^00. 

The above discussion leads to the following definitions. For {zi,Z2,s) G H x H x Hi 
with zi 7^ Z2 the function 

(22) 9s{zi, Z2) = - 2Q,_i(l + 2ilT~)tl,) ) 
satisfies 

(23) gsilzi,jZ2) = gsizi, Z2) for aU 7 e PSL(R) 

(24) /\^.gs{zuZ2) = s{s-l)gs{zx,Z2) (^ = l,2). 

For {zi,Z2,s) G H X H X Hi with zi ^ Vz2 we define the automorphic Green 
function, or resolvent kernel function, for F by 



(25) 



Gr,si^i,z2) = ^gsizi,iz2), 
7er 
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which is 471 times the function studied in [9] and [10]. Using (21) one shows that 
this sum is uniformly and absolutely convergent on compact subsets of its domain 
of definition [9, page 31]. Consequently Gr,s{zi, Z2) is holomorphic as a function of 
s e Hi and, because of (20) and (23), satisfies property 1 and 3 of proposition 9: 

(26) Gr,s{7Zi,Z2) = Gr,s{zi, Z2) for 7 G T 

(27) Gr,s(^i, Z2) — log 1-21 — 2;2p + 0{1) for fixed G H and zi — >• Z2 

Using that (21) is also valid for derivatives of every order of Qs-i{t) one can 
show that Gt,s{zi, Z2) is infinitely differcntiablc as a function of the real variables 
Xi,yi,X2 and ^2, provided that zi and Z2 are not equivalent modulo F. Further- 
more, by equation (24) and the fact that the Laplacian is an invariant operator we 
have 



(28) A,,G'r,.(^i,^2) = s(s-l)G'r,.(^i,^2) (i=l,2). 

By taking the limit s ^ 1 of Gy,s{zi^ Z2) one might hope to obtain a harmonic 
function. Unfortunately this limit does not exist. The function Gr,8{zi,Z2) does 
have a meromorphic continuation to the entire .s-planc which satisfies (26), (27) and 

(28) . At s = 1 it has a simple pole with residue — 47r/i(F\H)~^ independent of Zi 
and Z2 [9, chapter 8.6; 10, chapter 7.4]. Therefore we first subtract the 'singular 
part of Gy,s{zi, Z2) at s = 1' and then take the limit s — > 1. As we will see below 
this results in a function which is not only harmonic but satisfies all five properties 
of proposition 9. 

To obtain this 'singular part' we fix (22, s) G H x Hi, and consider Gt,s{zi, Z2) 
as an infinitely differentiable function of xi and yi with yi > sup{Im(7^2) : 7 G F}. 
The function Gr,s(coo^i: ^2) is invariant under xi xi + 1, hence it has a Fourier 
expansion in e^'^*^^. One can show [9, (3.3) on page 274] that its zeroth Fourier 
coefficient is equal to -^iz^ Er {a 00 Z2 , s)yl~^ , with 

(29) Er{z,s)= YI M^^'l^y 

the Eisenstein series for F and the cusp 00. For the modular group PSL2(Z) this 
function can be written in the more familiar form 

£^PSL.(Z)(^,^) = i Y \czld\^^- 

(c,d) = l 

The sum (29) converges absolutely and uniformly on compact subsets of H x Hi, is 
real analytic as a function of ^ G H and is holomorphic as a function of s G Hi . In 
fact one can prove that Er{z, s) admits a meromorphic continuation to the whole 
s-plane with a simple pole at s = 1 with residue /i(F\H)~^ independent of z [10, 
chapter 6]. At regular points s E C the Eisenstein series satisfies the following 
properties: 



(30) 
(31) 



Eri^z, s) = Er{z, s) for all 7 G F 
AEr{z, s) = s{s - l)Er{z, s). 
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Apart from the zeroth one the Fourier coefficients of Gr,s(coo^i: -^2) are all regular 
at s = 1 [9, chapter 8.6]. For fixed 2:2 G H and j/i ^ 00 we have 

(32) lim [Gr,s{(^ooZi,Z2) - i^Er(^2, = 0{e-^-y^), 

which will be used in the proof of theorem 11 below. 

If we consider Er{o'ooZ, s) as function of 2 = a; + G H, it is invariant under 
the translation a; 1— > a; + 1. Its zeroth Fourier coefficient is equal to y'^ + (j)r{s)y^~'^ 
[10, page 66] with 

(33) Ms) = V^^^ 5^ c-2^#{cZ mod c: C *) e a-'Va^} 

00 

for s e Hi. For the group PSL2(Z) the above sum is over positive integers c and 
(Too is the identity transformation. For c G Z>o the cardinality of the set in (33) is 
equal to the number of positive integers less than and coprime to c. We obtain 

^ ( ^ ^ r(g - I) C(2g - 1) 

with ({s) the Riemann zeta function. 

The function 0r(s) has a meromorphic continuation to C with the same be- 
haviour at s = 1 as £?r(coo-2, s). More precisely, for y — > 00 

(34) lim [EriaooZ, s) - {y' + Ms)y^~')] = 0{e-^^y). 

The following result is a slight generalization of proposition 5.1 in [5]. For a nor- 
malised principal modulus / and , 22 G H it gives a formula for the archimedean 
local height of the degree zero divisors {f{zi)) — (00) and {f{z2)) — (00) on [4; 
6, IV §3; 7, II §2]. 

Theorem 10. Let T C PSL2(R) be a discrete subgroup for which 00 is a cusp and 
for which the Riemann surface r\H is compact of genus zero. Furthermore let f 
be a normahsed principal modulus for T. For zi, 2:2 G H with zi ^ Tz2 we have the 
following equality: 

log 1/(21) - /(22) P = lim [Gr,.(2i, 22) - (i?r(2i, s) + Er{z2, s) - M^)) 



Proof. It follows from the above discussion that the function between square brack- 
ets on the right has at most a simple pole at s = 1. As the residues add up to zero, 
we conclude that the limit exists. 

Let h{zi,Z2) denote the function on the right of the equality sign above. We 
show that this symmetric function satisfies the five properties of proposition 9, 
from which the theorem follows. Fix 2:2 G H and consider h{zi,Z2) as a function 
of 2i. The fact that h{zi, 22) is F-invariant is obvious from (26) and (30). For s in 
some punctured neighbourhood of s = 1 



G'r,s(2i,22) - Y^Er{zi,s) 
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is a A^^-eigenfunction with eigenvalue s{s — l), because of(28) and(31). In particular 
its limit s — > 1 is harmonic. The remaining terms of h are independent of zi, so we 
conclude that h is harmonic. Using (27), we find 

h{zi, Z2) = log 1^1 - ^2!^ + 0(1) for zi Z2, 

with the order of the stabilizer of z^ in F. 

To study h{zx, Z2) at the cusp 00 we use the equations (32) and(34) (with z = zi), 
which are equivalent to 

lim[Gr,.(aoo^i,^2) - ^^Eriz2,s)] = logyi + 0(e-2-J/i) 

and 

lim ^[i?r(aoo^i, s) - Ms)] = -^^Vi + logyi + 0{e-^^y-), 

respectively. By subtracting the last equation from the first we conclude that 
h{zi, Z2) satisfies the fourth property of proposition 9. 

In order to examine h{zi^Z2) for zi near a finite cusp, we need to generalize 
the estimates (32) and (34) to all cusps. Fix a cusp a e Cr. Choose a scaling 
transformation a a £ PSL2(R) such that 

(Jaoo = a and cj-^FaCro = ((J J)). 

This transformation is unique up to composition on the right with a translation. We 

need to show that the limit of h{(TaZi, Z2) for yi ^ 00 exists if a is not F-equivalent 
to 00. By comparing Gr,s(ca^i) ^2) with its zeroth Fourier coefficient we find for 
Vi^ 00 

(35) lim [Gr,s{^azu Z2) - ^^Er,a{^2, s)y\-'\ = Oie-^^y^). 

The Eisenstein series E^^aiz, s) for F and the cusp a is for s e Hi defined by 

Er,a{z,s)= Im(or-S^)'- 

As in the case a = 00 (see (29)) this function has a meromorphic continuation to 
the whole s-plane with a simple pole at s = 1 with residue //(F\H)~-'^. 

The Fourier expansion of £^r(ca^i, s) = £'r,oo(o"a-2i7 s) leads for yi ^ 00 to 

(36) lim [Er{aazi,s) - {5aooyi + Ma{s)yl~')] = 0{e-^^y'). 

S—^l 

Here 5ooo is 1 if a and 00 are F-equivalent, and otherwise. Furthermore (f)r,a{s) is 
a meromorphic function in s with a simple pole at s = 1 with the same residue as 
the Eisenstein series. Note that (j)r,oo{s) — 4>t{s) is defined by (33). Using (35) and 
(36) and the fact that both Er,a{z, s) — Er{z, s) and (j)r,a{s) — (/>r(s) are bounded 
for s — > 1, we can compute the limit of h{aaZi, Z2) for yi 00. This limit is finite 
if a is not F-equivalent to 00 because of the 6aoo in (36). □ 



Let di and ^2 be negative fundamental discriminants that are relatively prime and 
both congruent to 2 modulo 3. For i = 1,2 let ctj e H be of discriminant di and 
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normalised as in theorem 4. We will apply the previous theorem for the group 
and its normalised principal modulus 72 together with (10) to obtain a formula for 
logN(72(Q!i), 72(q;2)). Therefore we sum each of the four terms on the right hand 
side of the equation in theorem 10 over Zi E T^\Vj^ ^ i = 1,2. 

We start with the automorphic Green function. Replace the summation variable 
7 G in the definition(25) of Gr3,s(^i: ^2) by /?^^/?2 with ki, K2 G T^- The elements 
Ki, K2 are well defined up to right multiplication by elements of the stabilisers 
r^^, and up to simultaneous left multiplication by an element of F^. Using that 
the stabilisers F^, for Zi G Vj'^ have order ^ and the invariance (23) of the function 
gsi^ij -22) we find similarly to [5, page 209] the following: 

(37) ^ Yl G'r3,,(Ti,T2) = J2 9s{ri,T2), 

where F^ acts diagonally on Vj^ x Vj^. By definition (22) we have for = 
the equality 

with D = did2 and where 

-B(ti, T2) = 2aiC2 + 2a2Ci - 6162 



is an integer which is larger than V-D by (22). Fix an integer n > v-D. Because of 
the absolute convergence of (37), the number of (ti,T2) on the right hand side of 

(37) for which the argument of Qs-i equals is finite. We obtain 

(38) ^ E Gr3,.(n,r2) = -2E P"^(^)Q.-i(^) 

i=l,2,rier3\pJ2 n>N/D 

where p'^^ (n) is the cardinality of the set 

S2ld2,n - ^^{(n, r2) G VJ: X VJ: ■. B{n, r2) = n}. 

For integers n with ^ D mod 36 this set is empty. Namely for Tj = we 
have 

(39) B{Ti,T2f -D = 4(aiC2 - a2Cif + 4(0162 - a2bi){cib2 - C261). 

If Tj G Vj^ then bi is divisible by 3 and = Cj mod 3, hence (39) is divisible by 36. 

To determine p'^^ (n) for integers n that satisfy = D mod 36 we use the 
following proposition from [6] . 

Proposition 11. Let N be a positive integer, let di and d2 be negative relatively 
prime integers such that di and ^2 are squares modulo AN and set D = did2- For 
positive integers n deGne the set 

SZ,d2,n = To{N)\{{n,T2) G P£ X : S(ri,r2) = n} 
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with V^. = (r e Vdi N \ ttr} for i — 1,2. The set S^^ ^ has cardinahty 



TT'-'di ,d2,n 



2* Ewi e{d) iin^ = D mod 4iV; 
otherwise, 
where t is the number of primes dividing N and s is deGned as in the introduction. 



Proof. The case = 1 is proved in proposition 6.1 of [5] using class field theory. 
The general case is proved using the theory of quaternion algebras on page 516 of 
[6]. □ 

We return to the situation before proposition (39), i.e. di and 6^2 are coprime neg- 
ative fundamental discriminants both congruent to 2 modulo 3 and n is an integer 
satisfying = D mod 36. The inclusions Vj^ C Vdi for i = 1,2 induce a well- 
defined map 

(40) ^di,d2 ,n ' ^di ,d2 ,n , 

where 5'di,d2,n = ^ is defined as in proposition (39) above. To prove that this 

map is a bijcction we apply lemma 7 to the F^-sct Y = {(ti,T2) G x : 
S(ri,r2) = n} and the PSL2(Z)-set X = {(ri,r2) G Va, x Vd^ ■ S(ti,T2) = n}. 
Let / = {T^ : /c = 0, 1, 2} be a complete set of left coset representatives of F'^ in 
PSL2(Z). As we saw in the proof of proposition 6, the translation T changes the 
residue class of modulo 3. Therefore the sets MY with Mel are disjoint, and 
for each {ti,T2) G X there exists Mel such that 6mti is divisible by 3. Using 
the assumption on n and the fact that di and d2 are congruent to 2 modulo 3 we 
find by (39) that 6mt2 ^^^o divisible by 3. Hence M(ti,T2) G Y and X is the 
disjoint union of MY with M G /. It now follows from lemma 7 that (40) is a 
bijection. Proposition 11 yields the equality p'^^{n) = Ed^(^) where d ranges over 
the positive divisors of |(n^ — D)- If we sort these divisors by their 3-adic valuation 
and use the equality £(3) = —1 we obtain 



(41) p^2(n) 



s{d) if = D mod 36; 

"'I 36 

otherwise, 



Next we sum the Eisenstein series E-p?,{z, s) over z G F^\Pj^, where d is equal to di 
or d2- The stabilizer F^ is generated by (^ "^) so the scaling transformation at 

oo is equal to a^o = -i- )■ With F = PSL2(Z) the inclusion F^ C F induces 

a bijection F^\F"^ — > Foo\F by lemma 7 and we find the equality Ey'3{z,s) = 
3~^Er{z, s). The function that we obtain by substituting ^ = r for some r G in 
the Eisenstein series Er{z, s) is essentially the partial zeta function for the ideal class 
of Q(-\/d) corresponding to r. Summing over all r G T\Pd yields the zeta function 
of Q{Vd). More precisely we have the following result [17, proposition 3iii]. 

Proposition 12. Let A = 0, 1 mod 4 be a negative integer and write A = df^ 
with d the discriminant of Q(a/A). With F = PSL2(Z) and Va as in (7) we have 



Ter\PA ' ' m\f 
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where w is the number of roots of unity in Q{\/d), ({s) denotes the Riemann zeta 
function, L{s,d) = ^^^^ Qn"^ and aa{n) = Emln™"*- 

If we apply this proposition with fundamental discriminant A = d = 2 mod 3 and 
use the bijection T^ypj^ ^\Pd, which follows from lemma 7, we obtain 

(42) ^ £,.(r,.)=3-5: £Kr,.)=3-f(M)"^<WL(.,<i). 

Finally we have to calculate the function (f)Y3{s). Fix a positive real number c and 
let (Too = be the scaling transformation at oo. According to definition 

(33), we need to compute the number # |ci mod c: *^ eF^j. For this number 

to be nonzero c should be an integer multiple of 3. It follows from the description 
of F^ in section 2 that if | and d are two relatively prime integers then F^ contains 

an element of the form ^ c ^ ^ With ip the Euler (^-function we find 

(43) ^r^i^)-^^^ 1^ -3 ^-^^ ^(^- 

^ ' ce3Z>o ^ ' / 



Theorem 13. For z = 1,2 let di and ai he as in theorem 4, set h'^ = -^hi and 
define for n e Z>o the integer p^'^{n) by (41). Then the following formula holds 

log N(72(ai), 72(^2))^ = lim 

with C = I logL» + ^(1, di) + ^(1, d2) - 2^(2) - 2. 

Proof. We need the following Laurent expansions at s = 1: 

C(2.)-^=^-^(.-l)+0((.-l)2) 
Cis)L{s, d) =^ + 7^(1, d) + L'(l, d) + 0{s - 1) 

=0F - v/^log4 (s - 1) + 0((. - 1)2) 
C(2^-l)=2(5^+7 + 0(.-l) 

where 7 denotes Euler's constant and d is a negative fundamental quadratic dis- 
criminant. For a derivation of the third expansion above we refer to [11, page 272]. 

_ 1 

According to the analytic class number formula we have L{l^d) = ^'Kh\d\ 2 with 
h and w the class number and the number of roots of unity of the quadratic fields 
of discriminant d. The theorem follows from theorem 10, equations (10), (38), (41), 
(42), (43) and the expansions above. □ 

Next we fix two negative fundamental discriminants di and d2 that are relatively 
prime and congruent to 1 modulo 8. In particular both wi and W2 are equal to 2. We 



s — 1 ^-^ 

n>\fD 



{n)Qs 



n 
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want to obtain similar results for logN(/( ~''^"'^^^ ), /( ~^^.^^ )) , where / denotes 
one of the functions a; or a;2. According to formula (17) we need to apply theorem 
10 for the group ro(2) and its normalised principal modulus —2^'^/liJ2 and sum over 
z,eToi2)\vi (z = l,2). 

For / G {uj,LV2} the summation of the Green function results in a formula anal- 
ogous to (38): 

E GT,i2uir^,T2) = -2 J] P^(n)g.-i(^) 

i=l,2,Tiero{2)\V^. n>sfD 

where in) is the cardinality of the set 

<,d„n = ro(2)\{(ri,r2) e Vi x : S(ri,T2) = n}. 

Because of the equalities — (i = 1, 2) which we proved in proposition 8, we 
can apply proposition 11 with A?" = 2 to find 



(44) p-(n) 



2 „2_o £{6) if = £) mod 8; 

°\ 8 

otherwise. 



The computation of p'^^ [n) is more involved. For r G the coefficient ttr is odd 
by the definition in proposition 8. If the discriminant d is congruent to 1 modulo 
8, this implies that is odd and that Cr is even. Using (39) we find that if p^'^{n) 
is nonzero, then n satisfies m? = D mod 16. Therefore we fix a positive integer n 
satisfying this congruence. In the following wc suppress the dependence otl di,d2,n 
from the notation. For positive integers A, ki , k2 and m a positive divisor of N we 
define 



AN{ki,k2;m) = To{N)\{{ti,T2) G Vd^ x Vd^ ■ B{ti,T2) = n,ai = ki,a2 = k2} 

where = denotes congruence modulo m. This set is well defined because the greatest 
common divisor of N and is invariant under the ro(A)-action on r G Vd- To 
calculate p'^^{n) — #^2(1, 1; 2) we need the following lemma. 

Lemma 14. Assume that di and d2 are squares modulo AN. 

a. #^jv(0, 0; N) = 2* „2_p s{d), with t the number of prime divisors of N; 

"I 4N 

b. i^AN{ki, k2; m) = ^ Ilp\N,p^mi'^ + '^/p)#Am{ki, /c2; m) for m dividing N; 

c. #A(0, 2; 4) = #^2(0, 1; 2) and #^4(2, 0; 4) = #^2(1, 0; 2); 

d. #^4(2,2;4) = 2#^2(1,1;2). 

Proof. The first formula is the content of proposition 11. Each of the ro(m)-orbits 
in Amikii k2, m) is the union of [ro(m) : ro(A)] ro(A)-orbits. As ro(A) is of index 
Anp|Ar(l + in PSL2(Z), lemma 14b follows. 
For A;2 G {0, 1} define the set 

2 2 2 2 

F(/ci,/c2) = {(ti,T2) G X : B{ti,T2) = n,ai = ki,a2 = k2,ci = C2 = 0}. 
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The greatest common divisors gcd(aT-,2) and gcd(cT-,2) are invariant under the 
r(2)-action on r e Vd- Hence r(2) acts diagonaUy on Y{ki,k2). For z = 1,2 the 
maps Tj I— > 2Tj, or on coefficients [oj, hi,Ci\ i— > fci, 2cj], induce a map 

A(2fci,2fc2;4) ^r(2)\y(fci,fc2). 

It follows from the equality J) ro(4) = r(2) J) that this map is a bijection. 
If {ki,k2} = {0,1} we can apply lemma 7 to find that r(2)\y(/ci, ^2) has the 
same cardinality as ^2(^1, ^2; 2) and lemma 14c follows. As the discriminants are 
congruent to 1 modulo 8 by assumption, the conditions on c\ , C2 in the definition of 
y(l, 1) follow from those on ai, 02- In particular we have the equality ^2(1, 1; 2) = 
ro(2)\F(l, 1). Each of the ro(2)-orbits in this set is the union of two r(2)-orbits 
and the last formula of the lemma follows. □ 

By counting the complement of .42(1, 1; 2) inside .42(0, 0; 1) we find the equality 

(45) #.42(1, 1; 2) = #.42(0, 0; 1) - #.42(0, 0; 2) - #.42(0, 1; 2) - #.42(1, 0; 2). 

To compute the first two terms on the right hand side we apply lemma 14a,b and 
obtain .42(0, 0;1) = 3.4i(0,0;l) = 3^^||£(rf) and ^2(0,0; 2) = 2^^||£(rf) with 

fi = v? — D. For the last two terms we first use lemma 14c and then count the 
complement of ^4(0, 2; 4) U .44(2, 0; 4) inside .44(0, 0; 2): 

#.42(0, 1; 2) + #.42(1, 0; 2) = #.44(0, 0; 2) - #.44(0, 0; 4) - #.44(2, 2; 4). 

As above we apply lemma 14a,b to calculate the first two terms on the right of this 
equation. By lemma 14d the last term is equal to 2#.44(1, 1; 2), twice the number 
we are trying to calculate. Substituting all these terms into equation (45) yields 

#.42 (1, 1; 2) = -3 5] e{d) + 2 J] e{d) + 4 J] e{d) - 2 J] e{d). 
d|f d|f d|f 

Using that e is multiplicative and £(2) = 1 we conclude 

„ n2-D ^{d) ii = D mod 16; 
otherwise. 

Let d denote one of the discriminants di for d2 and set F = PSL2(Z). To calculate 
the summation of Ey;^^^^{z,s) over z e Fo(2)\7^^ we use proposition 12 and the 
relation 

between the Eisenstein series for F and Fo(2) [7, §2 (2.16)]. In the proof of proposi- 
tion 8 we showed that the map Fo(2)\P^ ^XPd induced by the inclusion C Vd 
is 2 to 1. In a similar way one proves that the map Fo(2)\7^^ ^\Pd sending r to 
2t is also 2 to 1 and we obtain 

_E %(2)(^'«) = ^2^ E (2£^r(r,.)-2i-£;r(r,.)) 
Tero(2)\p^ Ter\Pd 

-2^ It J c(2^^^''^^ 
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To obtain a similar result for U2 we let Y — {t & X : 2 \ Gt, 2||6r} be the image 
of V^^ in X = {r e V^d '■ gcd(aT-, briCr) — 1} under the map r i— > 2t. If we define 

r^(2) = °) ro(2)(Q ^) ^ we conclude that the first map below is a bijection. 

^o{'2)\PT r°(2)\y v\x 

By lemma 7 the second map, induced by the inclusion F C X, is also a bijection. 
Using that the complement of X in V^^d is equal to Vd and the bijection (15) between 
ro(2)\7'rf' and V\Pd we find 



%(2)(^'«) 

rero(2)\P7 



22s 

Ter\P4d Ter\Pd 
2--1/MIV/2 C(s) 



2« + 1 V 4 



C(2.) 



L(s,(i). 



The scaling transformation Ooo for the group ro(2) is the identity, hence definition 
(33) yields 



<^ro(2)(«) 



^ r(8-|) ^ (^(c)_ r(s-i)c(2s^i) 



r(.) 



4^-1 r(s) c(2s) 



Combining the above formulas as in the proof of theorem 13 we find the following 
result. 



Theorem 15. For i = 1,2 let di and ai be as in theorem 5. Define for n G Z>o the 
integers p'^{n) and p^'^{n) 5^(44) and (46) respectively. Then the foUowing formulas 
hold: 

logN(a;(a2),a;(a2)) = Jim - ^_p-(n)Q,_i (^)] +8h,h2{C+^) 



seHi 



i>VD 



s- 

seHi 



logN(a;2(a2),a;2(a2))= hm ^ - E +2hih2{C-^) 



with C as in theorem 13. 

4. A FAMILY OF NON-HOLOMORPHIC HiLBERT 
MODULAR FORMS AND HOLOMORPHIC PROJECTION 

In order to finish the proof of the theorems in the introduction we need to compute 
the limit 



(47) 



lim 

s — l 



4h[h 



n>VDd 



which occurs in theorem 13 and the limits occurring in theorem 15. Gross, Kohnen 
and Zagier proved [6, §3] that limits similar to the one above are 'almost' equal to 
the first Fourier coefficient of certain cusp forms. As their proof does not cover the 
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above limit we extend their result to a slightly larger class of limits. In this section, 
which is independent of the previous ones, we follow Gross and Zagier and study a 
family of non-holomorphic Hilbert modular forms. Via holomorphic projection we 
obtain a family of holomorphic cusp forms of weight 2 on congruence subgroups 
of SL2(Z). The main result, and the only one which we will use in the sequel, is 
theorem 20 below which states that the first Fourier coefficient of each of these cusp 
forms is up to a 'simple expression' equal to a limit like (47). In the next section we 
concentrate on those cusp forms in the family for which the involved congruence 
subgroup has genus zero. The corresponding cusp form is then identically zero and 
hence (47) is equal to the 'simple expression', which completes the proof of the main 
theorems. 

To indicate the relation between our main theorems and the Fourier coefficients 
of modular forms we recall the motivation given by Gross and Zagier on page 214 
of [5]. Let i^T be a real quadratic field and denote its Dedekind zeta function by C,k- 
For k a positive even integer Siegel expressed Ck(1 — ^) as a finite sum of norms of 
certain ideals [15]. For = 2,4 these expressions are given by the first equality in 
the following formula: 



(48) z^kCK{-k+i)= E^^/q(«)'"'= E E 

"^»0 x2=r>mod4 "I 4 

Tr(i.) = l 

where D = (V^) is the different of K and where we use » to denote that 
v is totally positive. The second equality above follows by noting that the totally 
positive v e of trace 1 are of the form u = ^^J^ for some integer x which 
satisfies X = D mod 2 and < D. Siegel's proof of the first equality uses the 
Hecke-Eiscnstein series Ex,k{zi, Z2), a holomorphic Hilbert modular form of weight 
k on SL2(0) with O the ring of integers of K. To define this series we fix and 
embedding K ^ C, denote the conjugate of x E K hy x and let C be the ideal 
class group of K. For k e 2Z>o and {zi, 2:2) G H x H we define 



(mzi + n)^{mz2 + n)^ ' 

[a]eC (m,n)e(axa)/ei* ^ ' ^ ^ ' / 

(m,n)/(0,0) 

where in the case k = 2 the sum is computed by Hecke summation [15, page 93]. 
The restriction Fx^kiz) — EK,k{z, z) to the diagonal is an ordinary modular form of 
weight 2k on SL2(Z). Its zeroth and first Fourier coefficient are equal to Ck(^) and 

( (fc^^i)! )^^-P^~^ times the middle term of (48), respectively. In case k is equal to 2 
or 4 the vector space of modular forms of weight 2k on SL2(Z) is one-dimensional 
and hence FK,k{z) is a multiple of the ordinary Eiscnstcin series of weight 2k. Using 
the functional equation of we obtain equation (48). 

The right hand side of (48) resembles the right hand side of the formula for 
J{di,d2) (see theorem 1): 

(49) -log|J(di,d2)|^^ = 5Z 5Z £(n)logn. 



•"^ = iDmod 4 
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In order to prove this formula Gross and Zagier adapt the definition of FK,k{z) 
guided by the distinction between (49) and (48) and study its Fourier coefficients. 
As our theorems are similar to (49) we will do the same. 

For the rest of this section we assume that the discriminant D of K can be written 
in the form D = did2 with di and d2 two fixed relatively prime negative fundamental 
discriminants. To account for e in (49) we introduce the genus character x '■ — > 
{±1} of the strict ideal class group C+ of K corresponding to the decomposition 
D = • ^2- If we identify (7+ via the Artin map with the Galois group of the strict 
Hilbert class field over K, the character x has kernel Gal(if"'"/Q(v^rfi, v^))- 
We extend x to the idealgroup of K and find x(p) = 1 for inert primes p and xip) = 
e{Nx/Q{p)) for the other primes p. As Q{Vdi, Vd2)/K is ramified at infinity, the 
character x does not factor through the ideal class group C and hence x((^)) = 
sign(iVK/Q(A)) for A e K*. 

To transform the term n''~^ of (48) into the term logn of (49) it seems natural 
'to diff'crcntiate FK,k{z) with respect to k and substitute k = V. However the 
holomorphic Hecke-Eisenstein series is only defined for positive even integers k. To 

s 

resolve this difficulty we introduce for complex s the factor , i — — — ttt 

into the non- convergent series Ek,i{zi, Z2) ('Hecke's trick'), restrict to the diagonal 
z\ = Z2 and take the derivative with respect to s at s = 0. 

Fix a primitive ideal n C C of norm N such that x(n) = e{N) = 1. (We do not 
assume x to be trivial on all divisors of n as in [6].) For complex s with Re(s) > | 
we define the following non-holomorphic Hecke-Eisenstein series on H x H: 

^n,s\Zl-,Z2 — 7 7 , _s. I2sl - 1 -12s' 

.7-^, (mzi+n){mz2 + n)\mzi + n\'^^\rnz2 + n\^^ 

[a]eC {m,n)e{anxa)/0^ " ' ' ' 

(m,n)/(0,0) 

with yi = lm{zi) and 1/2 — Im(22)- Although x is a character of the strict ideal 
class group the summation over [a] e C is well defined; if we replace a by A a for 
some A G K* the summand does not change because of the equality x((A)) = 
sign(A^^/Q(A)) . As D is the product of two negative fundamental discriminants 
the elements of the unit group O* have norm 1 and the inner summation over 
the O* -orbits is also well defined. For {zi,Z2) in some fixed compact subset of 
H X H the estimates \mzi + n| = 0{\Jm^ + n^) for z = 1, 2 lead to £^n,s(-Zi; Z2) = 
0(Cx(v^)(^ +1)). The above sum is therefore absolutely and locally uniformly 
convergent for (zi, 22, ■§) G H x H x {s G C : Re(s) > |}. In particular En,s{zi, Z2) 
is analytic as function of s for Re(s) > |. In fact it has a meromorphic continuation 
to all of C as we will now show. 

Fix s G C with Re(s) > |. Using the absolute convergence one easily finds that 
En,s{zi-, Z2) transforms like a Hilbert modular form of weight 1: 

(50) ^^-) = {cz^ + d){cz, + d)E,,s{zuZ2) 

\czi+ d CZ2 + d/ 

for aU (^^ ^) G PSL(0,n) with 

PSL(0,n) = |(^^ GPSL2(K):a,dGO,cGnand6Gn-^|. 
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In particular we find En,s{zi + \,Z2 + X) = En,s{zi, Z2) for each A G and 
the Hilbert modular form can be viewed as a function of [yi, 1/2, {xi, X2)) G R>o x 
R>o X R^/n~^. Here and below we identify any fractional K-ideal a with the lattice 
{(A, A) : A G 0} C R^. The compact group R^/n~^ has Lebesque measure \fDN~^ 
and its characters are of the form (xi,X2) ^ ^-2-ni{ux-i+ux2) y \^ dual 

lattice 

{v^K* : Tr^/Q(z/n-i) C Z} = nc)-\ 
Hence E^^a{z\^ Z2) has a Fourier expansion of the form 

(51) En,s{zi,Z2)^ Yl c.,.(2/i,2/2)e2'^^(^^^+^^^) 
with 

(52) c,,,(yi,2/2) = ^ / E,,,{z^,Z2)e-^^'^''-^+'^-Ux,dx2 

L> JR2/n-i 

where Xi = Re(2;j) and j/j = Im{zi) for z = 1,2 and dxidx2 denotes the standard 
Lebesque measure. In the proposition below we will calculate these Fourier coef- 
ficients. As it will turn out they can be meromorphically continued to the whole 
s-plane which gives us the continuation of £^n,s(^i, ^2) via (51). 

We need to introduce the following functions. For a a nonzero integral ideal of O 
and s G C define the function 

(53) a,,^(a) = 5^x(b)iVK/Q(b)^ 

b|a 

which is clearly analytic in s. This definition also makes sense in case is the zero 
ideal if we let b range over the nonzero integral ideals of O and restrict s to the half 
plane Re(s) < —1. For Re(s) > 1 we then have the equality a"_s^p^((0)) = Lk{s,x) 
with 

Lk{s,x)= Y1 x{c^)NK/Q{a)-' 

the Hcckc L-finiction associated to the character Finally for s G C, Re(s) > 
and t G R we define the function 

/tx) ^—2nixt 
7 ^dx. 
ix + i)ix^ + iy 



Proposition 16. ForRe(s) > h and v & nV ^ the Fourier coeiEcient (52) is given by 



(55) c„^siyi,y2) 



^s{i^yi)^s{^y2)(T-2s,x{i^)^n ^) 
^N^'iymY 



ifiyy^O. 

2s/ ' 



Proof. The following computation is a variation of the methods of Hecke [8, §3]. 
See [5, page 214] for a discussion on an error of sign made by Hecke. 
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We split the summation (m, n) G (on xa)/0* in the definition of E^^si^i^ ^2) into 
two: one sum over m = and n e (0— {0}) / O* and one sum over m e (on— {0}) / O* 
and n e 0. The contribution of the first summation to the integral in (52) is 

Here and below a prime above a summation sign indicates that the summation vari- 
able ranges over nonzero elements. Furthermore A'"(o) and N{n) are abbreviations of 
the norms Nx/ci{<x) and Nx/q{ti). The integral above is zero unless = in which 
case it equals ^/DN~^ . The map n ^ na~^ is a bijection between (0— {0})/(9* and 
the set of integral ideals in the ideal class of o~^. Using this bijection we conclude 
that the first summation contributes nothing to c^^s ioi f ^ Q and 

Lx(i + 2s,x)(yiy2)' 

to Co,s. 

Fix a complete set of representatives S for (on — {0})/C*. The summation over 
m e (on — {0})/O* and n e yields the following contribution to the integral 
in (52): 

x(a)A^(a)^+2s r (yiy2)^e-2'^^('^^i+^^2)^^^^^2 



[a]eCme5 ^ ^' ^ ^' •'^ /" n€a 



m I 



Fix an element m E S. For n e we write n = ni + mn2 with ni e o/mn ^ and 
77-2 e n~^. Summing over 77-2 and writing n for ni, the above integral is equal to 

where we used the equality e-27r«(i'n2+i^n2) _ following from the assumption v e 
nt)"-*^. The change of variables xi — yixi — ^ and X2 — y2X2 — ^ yields 

{yiy2)-'^s{i^yi)^s{i>y2) e2-(^"+*^). 

The finite sum above is zero unless G (ac))~^ in which case it equals ^-jjj^- Hence 
the summation over m G (on — {0})/O* and n G o yields the following contribution 

to Cy^s{yi,y2)- 

^s{i^yi)^s{T^y2) x{o)N{aY' 

[a]eC mean/e> 



The elements m in the inner summation are in bijection with the integral ideals 
in the ideal class of (an)~^ that contain {y)'Ox\~^ . By changing the outer summa- 
tion [0] G C into [(on)~^] G C we find that the above double sum is equal to 
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N '^^a-2s,x{{^)'^^ Using the equality a-2s,x{{^)) ~ -^k(2-s,x) this concludes 
the proof of the proposition. □ 

Corollary 17. The function i?„ 3(^1,22) has a meromorphic continuation to the 
entire s-plane which is regular at s = 0. Moreover we have E^^oizi, Z2) = 0. 

Proof. First we recall some properties of the function $s(^) defined by (54), proofs 
can be found in [7, IV §3]. For t — Q and Re(s) > we have the equality 



(56) $s(0) = -v^^ 



r(. + i)' 



Hence $s(0) admits a meromorphic continuation to the whole s-plane which is 
regular at s = 0. By changing the path of integration one can show that for all 
nonzero t G R the function $s(t) has an analytic continuation to s G C. For each 
compact V <Z C there exist positive constants ci, C2 such that 

(57) \^s{t)\ < r^e-^l*l for aU s e V^, t 7^ 0, 
and at s = the function is equal to 

-27rie-2'^* if t > 0; 

(58) $o(t) = { -TTi if t = 0; 

if t < 0. 

Recall that for a a nonzero integral ideal the function a"s^^(a) defined by (53) is 
analytic on C. As is well known [13, VII §8] the Hecke L-scries Lx(s,x) has an 
analytic continuation to s G C and satisfies the functional equation 

(59) i;V2^-(«+i)r(^)2L^(s,x) = i;(i-)/V-2r(^)2Lx(i - s,x). 

Hence all the functions occuring on the right hand side of (55) have meromorphic 
continuations to the whole s-plane which are regular at s = 0, and we conclude that 
the same holds for Ciy,s(j/i, 2/2)- Moreover for nonzero v this continuation is analytic 
in s. 

Because of (57) the Fourier series (51) of -E'n,s(^i: ^2) converges absolutely and 
uniformly on compact subsets of C that do not contain the poles of $s(0). This 
proves the continuation as claimed in the corollary. 

To prove that £',•, 5(^1,^2) vanishes at s = we show that its Fourier coeffi- 
cients (55) are all zero. The equality cq, 0(1/15^2) = follows from (56) and the 
functional equation (59) for Lk{s, x)- If either u or is negative, c^^siyi-, 2/2) is zero 
because of (58). Now assume v is totally positive. As by assumption x is trivial 
on n we find x{{^)^''^~^) = x(("^)) = ~sign(A'"(z>')) < 0. Hence the contribution 
of b|(2^)9n~^ to o"o T,.((z/)On~^) is cancelled by the contribution of the complemen- 
tary divisor (z/)c)(nb)~^. We find (7Q^-^{{i>)'0n~^) = so that 01^,0(^1,2/2) vanishes for 
totally positive v. □ 

As we argued in the beginning of this section we are interested in the derivative of 
the Hecke-Eisenstein series at s = restricted to the diagonal: 
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According to (50) this is a non-holomorphic modular form of weight 2 on ro(A^). 
The Fourier expansion of E^^si^i: ^2) is locally uniformly convergent in s because 
of (57). By differentiating (51) termwise and using (55), (56), (58) and (59) we obtain 
the Fourier expansion of Fn{z): 



(60) 



where 



00 



(61) 



with 



n=-oo j,en5-^ 
Tr(i/)=n 

' ^(Lx(l,x)logy + «) iiu = 0; 

(j;((zy)t)n-i) ifiv>0; 

cAy) = \ -|(To,x(('^)t'n-^)$(|z>|y) if > > jy; 

.0 if « 0, 



K = L'^ih x) + (i logiDN) - logTT - ^)LKil, x), 



= ^^-.x(a) 



s=0 



Em|aX(m) logiVK/Q(m) 



and 



m = ^e-^'^^f *s(-t)L=o * e R>o. 



By differentiating under the integral sign one proves the equality 

, du 



(62) 



-47rtu 



for t > 0, 



[7, IV §3] from which we obtain 

(63) $(t) = 0(t-^e-^'^*) for t > 0, 

which guarantees the convergence of (60). 

To see why these Fourier coefficients can be used to compute limits like (47), we 
have to introduce the notion of holomorphic projection. Let S2{N) = 5'2(ro(A'")) be 
the finite dimensional complex vector space of holomorphic cusp forms of weight 2 
on ro(A^). This vector space is equipped with a Hermitian inner product which for 
f,g e S2{N) is defined by 



(64) 



{f,9)- I f{z)g{z)y^dii, 

Jro(N)\H 



where the integral is taken over a fundamental domain for the action of ro(A^) on H 
and where dfj, denotes the PSL2(R)-invariant measure on H with z = x + iy. 
This inner product supplies an isomorphism between S2{N) and its dual: for each 
linear map L : S2{N) C there is a unique (f)L ^ S2{N) such that L{f) = 
(/, 0l) for all / e S2{N). Now let F be a smooth function on H, not necessarily 
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holomorphic, which transforms like a modular form of weight 2 on ro(A^) and 
which is 'small' at the cusps of that group. Below we will be more precise what we 
mean by 'small'; it implies that the integral (64) with g replaced by F exists for all 
/ G 5*2 (A^), i.e. (— , F) is a linear functional on S2{N). The holomorphic projection 
of F is defined as the unique F e S2{N) such that (/, F) = (/, F) for all / G S2{N). 
The Fourier coefficients of F can be expressed in terms of the Fourier coefficients of 
F and the growth rate of F at the cusps. It will turn out that we are only interested 
in the first Fourier coefficient of F, hence we restrict to that case. 

Theorem 18. Let N be a positive integer and let F{z) = X]m=-cx) '^m(y)e^'^'™'^ be 
a smooth function on H that transforms like a modular form of weight 2 on Fq^N). 
Suppose that for every positive divisor M of N there exist e > and complex 
numbers A{M), B{M) such that 

(65) {cz + d)-^F(^^^^^) = A{M)\ogy + B{M) + 0{y-^) as y = lm.{z) ^ oo 
cz + d 

for all e SL2(Z) with gcd(c, N) = M. Let F{z) = Em=i ^mC^''*""'' he the 

holomorphic projection of F. Then 



ai= lim 



4. IZ {y)e-'^yy^-Hy + ^\ -48a [ J] +log 2 + 1 + f (2) 



+ 24/? 



s6Hi p|JV 

with Hi = {s e C : Re(s) > 1} and 

p\N M\N 
■Q(l_p-2)-l ^ KM)IB{M)-2A{M) logM] ^ 
p\N M\N 

Proof. This is the holomorphic projection lemma for the first Fourier coefficient 
on page 534 of [6] (we corrected two typos). Recall that a cusp form / G 5*2 (A^) 
is exponentially small at the cusps. Using (65), which states that the growth rate 
of F at the cusp " e P^(Q) only depends on gcd(c, A^), we find that the ro(A^)- 
invariant function f{z)F{z)lm{z)'^ is bounded on H. Therefore the inner product 
(/, F) converges and hence the holomorphic projection F of F is well defined. 
In order to sketch the proof we need the Poincare series 



P{z) = Ihn Yl 



1 y 



s-l 



az-\ 



''^1 ^ (c2; + (i)2 |c2 + (ips-2 

where Too denotes the stabalizer of oo in ro(A^). This function is a holomorphic cusp 
form of weight 2 on Tq{N). For each / e S2{N) the inner product (/, -P) is equal 
to times the first Fourrier coefficient of /. In particular we have {F, P) = If 

F satisfies (65) with A{M) = B{M) = for all M then (P, P) is convergent and 
equal to lim s^i ai(y)e~^'^yy^~^dy. In this special case both a and 3 are zero 

and the theorem follows from the equality (P, P) = (P, P). 
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In general we substract from F a linear combination of non-holomorphic Eisen- 
stein series of weight 2 to obtain a function F* which satisfies the asymptotic 
relation (65) with A{M) = B{M) = 0. As these Eisenstein series are perpendicular 
to the elements of 5*2 (A^), the functions F and F* have the same holomorphic pro- 
jection. The theorem follows by applying the arguments of the previous paragraph 
to the function F*. □ 

To apply this theorem to F{z) = Fn{z) we have to check condition (65) for this 
function. 

Proposition 19. Let n be a primitive ideal of norm N such that x(w) = 1 and let 
M bea positive divisor ofN. For aii (^^ G SL2(Z) with {c,N) = M we have 

{cz + d)"^Fn(^^^) = A{M) logy + B{M) + 0{y-^) as y ^ lm{z) oo 
cz + d 

with 

A{M) = s{M)M^, B{M) = s{M)m[^ + ^ log f ) 

and 

A{N) = B{N) = ^ (I \og{DN) - logTT - 7 + if (1, d,) + ^(1, ^2)) • 



Proof. The proposition follows from the Fourier expansions of Fn{z) at the various 

cusps of the group To{N). Fix a matrix A = (^cd) ^ SL2(Z) and denote the 

greatest common divisor of c and A by M. It follows from the inclusion (^ ") C 
A-^PSL2{0,n)A that the function 

En,s,A{^l,Z2) = {cZi +d)~^{cZ2 + d)~^ En^s{Azi, AZ2) 

satisfies En^s,A{zi + X, Z2 + X) = -E'n,s,A(-2i, ^2) for all A e n. It therefore has a Fourier 
expansion 

(66) £^„,.,^(^i,^2)= Yl c.,,,^(2/i'2/2)e''^'(^^^+'^^^) 

i^eCno)-! 

with 

(67) c,,,,A(yi,y2)---^ / £;n,,,^(^i,^2)e-''^'(^^^+^^^)dxida;2 

for u e (nt))"-*^. The computation of this integral is very similar to the computation 
of (52) in the proof of proposition 16. For Re(s) > 1 the function En,s,Aizi, Z2) has 
the same double sum representation as E„^s{zi, Z2) but now the inner sum ranges 
over (m, n) G (0 x a)/0* not both zero such that dm — cn E na. In order to deal 
with this last condition we define no as the greatest common divisor of the integral 
ideals cO and n and let Ui = nriQ ^. Because n is primitive we have A^/Q(no) = M 
and x(wo) = s{M). As one easily proves for fixed mo G Uoa/na there is an unique 
no G o/uia such that for m = mo mod na the congruence dm = cn mod na is 
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equivalent to n = no mod Uia. Using this equivalence and the techniques used in 
the proof of proposition 16 we find for c,y^s,A{yij 1/2) 



and 

M$,(z/yi)$,(z/j/2) V V V x(a)iV(a)'^e^"^(^"°) 

NVD(viV2Y ^ ^ A^(m)|Mm)|2«-i " ^ ^ u, 

^^^j-'\yiy2) [o]eCmoeno/n mes \ j\ \ j\ 

m=mo(n) 
t'€m(oniO)~^ 

where 5' is a complete set of representatives for (a— {0}) / O* . Note that for 7^ the 
triple sum is a finite sum; the elements m & S such that u G m(anic))~^ correspond 
bijectively to the integral ideals in ideal class of that contain unid. 

To find the Fourier expansion of F^^Aiz) = ■|^^-E'n,s,A(^, ^)|s=o we substitute 
zi = Z2 in (66) and differentiate termwise. It turns out that the growth rate of 
the function Fn^A{z) for y — 00 is dominated by its zeroth Fourier coefficient. An 
elementary calculation using (56) and (59) yields 



co,sAy^ y)\s=Q = A{M) logy + B{M) 



87r2 ds 
with 

^(M)=^^^S^L^(1,X) 

and 

B{M) = ^^^^ (l'^(1, x) + (I log(i^Ar) - log {§) - logTr - i)LK{hx))- 

By comparing the Euler product expansions we find the equality L(s, (ii)L(s, ^2) = 
Lk{s,x): where the Dirichlet series L{s,di) are defined as in proposition 12, and 

2 

the class number formula yields Lk{1, x) — "^^'1^2- 
To complete the proof it suffices to show 

(68) E' ^c.,,,A|.=o(y, y)e2--('^+^) = Oiy-') for y ^ 00. 

z^e(no)-i 

By changing the path of integration and differentiating under the integral sign 
in (54) we obtain 

-^^s{t)\s=o = 0(|t|-^e-''l^l) for aU nonzero t. 

OS 

(In fact one can replace tt by any positive number smaller then 27r.) Using (58) we 
find for all y > 1 

^c.,,,^|,.o(y,y) = o(p(|z.|,|i7|)e-^(l-l+l^l)) 

for some polynomial P e C[X, F]. For ly = G (^^)~^ we have |z/| + = 

max(J^, |6|). We conclude that ^{y e (nO)~-^ : \v\ + \v\ = x) = 0{x) for all 
X e R>o and (68) follows easily. □ 
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Before we state the main result of this section we introduce the foUowing function. 
For an ideal o and s e Hi = {s e C : Re(s) > 1} define 

Ta{s)= Yl ^o,x(Mfa"')<3s-i(l + 2|i?|) 

Tt(u) = 1 

where Qs-i{t) is the Legendre function of the second kind defined by (19) in sec- 
tion 3. For u as in the above sum, the pair {u, P) ranges over those elements in the 
lattice aD~^ C that are on the half line {Tr(z/) = 1 : v > > i?} C R^. Because 
(To,;^(a) = 0{N{ay) for any 5 > and Qs-i{t) = 0{t~^) for t ^ oo, the above sum 
converges absolutely and locally uniformly on Hi. 



Theorem 20. Let n be a primitive ideal prime to V of norm N such that x(u) = 1. 
The Grst Fourier coefRcient a\ of the holomorphic projection of Fn{z) is equal to: 



ai = Sn 



lim 

s6Hi 



Tr,{s) + T^{s)-^\+12a{2C + 2j2 



logp 



p\N 



e{p)p + 1 



logA^ 



with C as in theorem 13 and 



a 



P 



h\h'2 



n 



and S,= J2 <(H5n-'). 



Proof. First we use proposition 19 to compute a and /3 defined in theorem 18 for 
the function F{z) = Fn{z). An easy computation yields the following formulas: 



p\N 



AjN) sr M(M)e(M) _ n l-^WP" 



M\N 



p\N 



1-p- 



a 



1 log(§) - log TT - 7 + t (1, d^) + t (1, d,) + E 

p\N 



As n is prime to X) we have e{p)'^ = 1 for all primes p\N and the above expression 
for a is equal to the one quoted in the theorem. 

By equations (60) and (61) we find that the first Fourier coefficient of Fn{z) is 
equal to 



i/>0>£' 
Tr(i/) = 1 



i/>0>0 
Tr(i.) = l 



with Sn as in the statement of the theorem and where $(t) is defined by (62). The 
two sums on the right are infinite sums and converges because of (63). For s e Hi 
we use the integral representation T{s) = e~yy^~^dy and obtain 



47r 



ai(y)e-^'^V-' 



dy = J^iSn - I E ^o,x((-)fn-^)*.-i(|l^| 



i/>0>£; 
Tr{,.) = l 



■I E ^o,x(Wfn"')*s-i(|i^|), 
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with 



^'s_i(A) = 471 / ^{Xy)e-^''yy'-^dy for A > 0, Re(s) > 0. 
Jo 



For large A and s close to 1 this function differs little from the Legendre function 
of the second kind Qs-i{l + 2A). More precisely, using Taylor expansions one can 
prove [5, page 218] 



*.-i(A) 



2r(2s) 
(47r)''-i 



n n^o^^-/^(^"'"') for Re(s) > and A ^ oo ; 
W+T)Qs-i{l + 2A) - I ^ for . = 1 and A > , 



where the implied constant is independent of s. This estimate allows us to replace 
^s-i by Qs-i: 



lim 

s->l 



47r/ai(2/)e-4'^V~^cJy + 





24a 
s-1 



Sn — lim 

s—*l 



T^{s)+Tr,{s)- 



(47r)"-^r(s + l) 24a 



r(2s) 



s-l 



If we substitute this limit into the formula for the first Fourier coefficients of the 
holomorphic projection of Fn{z) given in theorem 18 and use the Taylor expansion 
(4^)-^r(.+i) ^ ^ ^ (log(47r) + 7 - l)(s - 1) + 0((s - 1)^) we obtain 



r(2s) 



ai = Sn 



lim 

s6Hi 



T„{s)+Tn{s) 



24a 1 
s-l 



24a- 
L' 



2 + 2|(2)-ilog(^)-:^(l,c/i 



p|JV ^ p\N ^ 



L 

\ogp ^-^ s{p) logp 

p|JV 



£(p) 



which is equivalent to the statement in the theorem. 



□ 



5. Conclusion of the proofs 

Let di and d2 the two negative fundamental discriminants that are relatively prime 
and let K be the real quadratic field of discriminant D = d\d2. By making the 
appropriate choice for the X-ideal n we can use theorem 20 to calculate the limits 
occurring on the right hand side of the equations in the theorems 13 and 15, which 
will complete the proofs of theorems 4 and 5 in the introduction. 

Let p be a rational prime and let a be a positive integer that satisfy the following 
properties: 

1. p splits completely in -ftT/Q; Denote the primes above p by p and q; 

2. a is even in case e{j>) = —1; 

3. the vector space S2{p°') of holomorphic modular forms of weight 2 on ro(p") is 
zero dimensional. 

Recall that property 3 is equivalent with the condition that the compact Riemann 
surface ro(p")\H has genus zero and that there are only finitely many pairs (p, a) 
with this property. Because of the third condition on p", the first Fourier coefficient 
of the holomorphic projection of Fpa and Fqa are both zero. If we add the result of 
theorem 20 for the ideals and q" we obtain 



2 lim 

s6Hi 



Tpa{s)+T^a{s) 



24a 1 
s - 1 



= Soa +Saa +24:a(2C + 2 



logp 



e{p)p + 



- - logp«) 
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with C as in theorem 13 and a = 2p"-i(p+£(p)) ' 

Tpa(s)+Tqa(s) = J](To,x(Mc)p-")Qs-i(l + 2|z?|) +5^ao,x((z^)fq"")Qs-i(l + 2|z?|) 



v>0>u 
Tr(i.) = l 



i/>0>P 
Tr(,.) = l 



and 



i/CmCITi — 1 j,eZnO,7i — 1 



Tr(,.) = l 



Tr(,.) = l 



The totaUy positive elements u eX) of trace 1 are of the form u = with n 

a rational integer satisfying \n\ < Vd and n = D mod 2 . Such an element i/ is 
not divisible by an integer, hence its norm is divisible by if and only if either 
jy G p"c)~^ or e q"9~^. For u = "^^^ G p"0~^ the norm maps the ideals 
dividing the primitive integral ideal (z/)c)p~'' bijectively to the positive divisors of 
-^K/Q((i^)^'P~") = '^4~a • Hence we find for these v 

a'^{{y)l>r'') - E x(a)logiVK/Q(a)- <d)logd. 

The same formula holds for ((z/)c)q~") in case u e q'^X>~^ and we obtain 

Spa + Sc^a = ^ ^ £(ci)logci. 

\n\<^d\^ 

In a similar way we find 



and the above limit can be rewritten as 



(69) 



lim 

s->l 



48a 
s- 1 



2 ^ pp^{n)Qs-i 

n>VD 



n 



E 



with 



Swini^ £(d) if = D mod 
Ppa(n) = <( "1^^ 

otherwise. 



Now assume that both di and (i2 are congruent to 2 modulo 3. In this case the 
rational prime 3 splits completely in K/Q and £(3) = —1. As ro(9)\H has genus 
[12, §4.2] the pair (p, a) = (3, 2) satisfies the three properties that we stated in the 
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begin of this section. If we apply (69) for this pair and use the equahties a — ^^^^^ 
and P9(n) = fp'^in) (see (41)) we arrive at 



hm 

s->l 



f - 2 E P^Hn)g,_i(^)] = 2/.;/.'2(31og3 - 2C) - E E <d) logrf. 



Substituting this hmit into the formula of theorem 13 yields 

logN(72(ai), 72(^2)) ™ = 6/i>'2log3- J] J] e{d)\ogd 

\n\<smd\^^ 

D -2. 



= 6/i;/i^log3+5] logF(^^) 



where the last line follows from the equality £{ ^~^q ) = —1 [1, page 306]. This 
concludes the proof of theorem 4. 

Next we assume that both di and d2 are congruent to 1 modulo 8, in particular 
h[ = hi- Both pairs (p, a) = (2, 1) and {p, a) = (2, 2) satisfy the desired properties. 
For (p, a) = (2,1) we find a = -^^^^ and because of the equality 2p2(n) = p^(n) 
(see (44)) equation (69) now reads 



lim 

s->l 

S6H1 



8/11/12 



n>\/D 



^- Ep"Ws-i(^)J =4/ii/i2(ilog2-2C)-E E e{d)\ogd 



Applying (69) for (p, a) = (2,2), a = ^ and p^n) = p'^^{n) (see (46)) and 
dividing by 2 yields 



lim 

s->l 

S6H1 



^-Ep'^^HQ.-i(;%) =2/11/12(1 log 2 -c)- E E£(c^)iogci. 

n>\/0 0<n<\/Od|:D^ 



If we substitute these limits in the formulas of theorem 15 we find 

logN(a;(Q;2),a;(a2)) = 12/ii/i2 log2 ^ ^ ^e{d)\ogd 

\n\<^/Dd\^^ 

and 

logN(a;2(Q;2),a;2(a2)) = - £(d) logd, 

from which theorem 5 follows. 
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